When full-electric orbit raising trajectories begin in a classic geostationary transfer orbit with low initial perigee altitude, the need for deployed solar arrays to power the propulsion system significantly increases the aerodynamic and gravity gradient torques. In fact, the torque magnitudes in the first few perigee passages may become a challenging requirement for the attitude control system. Apart from oversizing actuators, other solutions may include the need for a backup thruster system or raising the perigee altitude, implying mass penalties and cost. This paper presents the design of an optimal attitude maneuver at the perigee that can be undertaken using nominal reaction wheels. Attitude paths avoiding saturation of the wheels while dumping accumulated momentum are obtained performing a physically consistent modelling of aerodynamic torques and using Pseudospectal methods to solve the trajectory optimization problem. The optimization of solar array positions is also explored to further constrain the problem or improve the maneuver performance. Resulting mass and cost savings can be significant, which could be used for additional payload or to significantly extend the operational life of the satellite. 
I. Introduction
Full-electric orbit raising of geostationary Earth orbit (GEO) platforms has become a reality [1] [2] [3] [4] . Electric propulsion technology is mature enough and it is widely accepted that it may drive the future of low cost access to space [5] [6] [7] . In fact, almost all the GEO satellite manufacturers offer this option in their current designs [6] . The high specific impulse of the low thrust engines allows for great mass savings at the expense of longer transfer times, of the order of months. During the transfer, the electric engine is on most of the time and the spacecraft is constantly changing its attitude in order to point the thrust vector into the optimal direction. Therefore, the realization of such long trajectories imposes new requirements in systems such as mission analysis [8, 9] , guidance, navigation, propulsion [6] , or spacecraft shielding due to space weather exposure [10] .
One of the issues arising from the use of standard geostationary transfer orbits (GTO) is the low altitude of initial perigees. With the exception of Proton, most of the currently available launchers, Falcon 9, Atlas V or Delta IV, place the satellite into an injection orbit with the nominal perigee altitude at 185 km [11] [12] [13] . Ariane V GTO has a perigee of 250 km. [14] . At these altitudes the Earth's atmosphere has a noticeable effect, and the torques resulting from the impingement of atmospheric particles on satellite surfaces are significant.
For typical GEO spacecraft, the perigee passage does not impose an important requirement on the attitude and control system. They employ bi-propellant thrusters for attitude control, which have enough control authority to overcome the disturbance torques at the perigee. Furthermore, during the early orbit phases many platforms remain with the solar arrays stowed or half stowed, minimizing the magnitude of aerodynamic torques. Finally, there are no special attitude requirements at the perigee, so the satellite undertakes the passage inertially pointed.
In contrast, full-electric platforms lack a bi-propellant attitude control thruster system. Also, in order to provide enough power to the electric propulsion system, the solar arrays need to be deployed at the beginning of the mission. For the case of an injection into low Earth orbit (LEO), the resulting drag may reduce considerably the effective thrust, a problem that has been addressed in [15, 16] . For a GTO this is not a concern, however, the deployed arrays can create a considerable aerodynamic torque at perigee. In addition, depending on the initial orbit, the electric orbit thrust profile may require the satellite to be in a near velocity pointing attitude in the vicinity of the perigee. Therefore, an attitude maneuver may be needed during the perigee passage to move the satellite from that attitude required before the perigee, to that attitude required after the perigee.
Although such platforms can be equipped with a cold gas thruster system, its usage may not be possible or desirable once the arrays are deployed or the electric propulsion system is functioning.
Moreover, it requires propellant usage and therefore imposes a mass penalty. In such cases the only available actuators are the reaction wheels. However, the combination of limited momentum capacity with the high torque environment may quickly saturate the wheels when performing a classic eigenaxis attitude maneuver.
One way to overcome this problem is by increasing the altitude of the perigee with the launcher so to avoid the effects of aerodynamic drag. Although some launch vehicles allow it, in practice, this is a de-optimization of the injection orbit and a non-negligible mass penalty is associated. As a reference, using public domain data for a major launch vehicle, Ariane IV, the payload mass was reduced by 1.2 kg if the perigee was increased 1 km above the nominal [17] . Therefore, a performance impact of -204 kg was needed to raise the perigee altitude from 180 km to 350 km. For an electric satellite, this is equivalent to several years of in-orbit station-keeping (SK) [9] . Assuming an average Isp of 2000 s, a ∆V budget of 50 m/s/year for SK and and an initial in-orbit mass ranging from 2000 to 4000 kg, the mass consumed per year ranges from 5 to 10 kg. Therefore, a typical 15-year mission would require 75 to 150 kg of propellant for SK. Although there is usually limited availability of new launch vehicle performance specifications, the same principles and orders of magnitude would apply.
In this paper, we propose an alternative solution without any associated cost. An optimized attitude maneuver can be implemented at the perigee to cope with the significant gravity and aerodynamic torques. Rather than following the shortest path between two attitudes while fighting against naturally occurring environmental torques, the attitude path can take advantage of them in order to prevent wheel saturation. Essentially, a physically consistent modelling of disturbance torques allows their use in an advantageous way. This concept is known as zero propellant maneuver (ZPM) [18] , owing to the possibility of maneuvering a spacecraft without the need for propellant to desaturate the reaction wheels. Using pseudospectral (PS) methods for the solution of the optimal guidance problem [19] [20] [21] , Bedrossian et al. successfully applied this approach to several slews of 90 and 180 degrees in the International Space Station without saturation of its CMGs [22] [23] [24] .
PS methods have been proven to be an efficient and robust way to provide solutions to complex continuous-time optimal control problems [25] , like the one that arises from the formulation of the ZPM. Some other reported solutions to optimal attitude guidance problems by means of PS methods are the flight tested time-optimal slews on the TRACE spacecraft [26, 27] , or the development of torque optimal guidance algorithms for cubesats [28] .
We apply this optimal maneuver concept to the previously presented problem of a satellite equipped with just reaction wheels, maneuvering in the perigee vicinity of a geostationary transfer orbit in order to follow the guided trajectory of an electric orbit raising satellite. The solution is obtained with MATLAB by means of PS methods using a combination of codes: Gauss pseudospectral optimization software (GPOPS) [29] and the non-linear programming (NLP) solver provided in the numerical algorithms group (NAG) toolbox [30] .
As highlighted above, during the perigee passage aerodynamic torques become the main disturbance torques, therefore, a comprehensive modelling of the aerodynamic torques and potential uncertainties is performed. We also incorporate the novel idea of optimising the solar array motion between two given positions, allowing improved performance of the maneuver. Different cost functions such as actuator usage or solar array aerodynamic load are explored. Finally, we show that these maneuvers can also be used to dump considerable amount of momentum at perigee, or to relax momentum wheel requirements.
II. Equations of motion
The equations of motion are derived in the local vertical local horizontal frame (LVLH) where the z-axis points towards the center of the earth,y is perpendicular to the orbit plane, in the direction of the negative orbit normal, and x completes the right hand side orthogonal frame. We use Modified Rodrigues Parameters (MRP) for attitude parametrization, Eq. 1. This set of parameters describes any rotation below 360 degrees without singularities [31] . At the same time they have the advantage to provide a minimal parametrization. For this problem the expected rotations are below 360 deg, so MRP representation is advantageous compared to quaternions, which require an extra parameter.
The attitude kinematic equation of the MRP with respect to LVLH is given by [32] :
The vectors ω bi | b and ω ri | b are the angular velocities of the body, b, and LVLH, r, frames with respect to inertial frame, expressed in body frame. The derivation ω ri | b for a general non-circular orbit can be found in [33] :
where A br is the transformation matrix from LVLH frame to body given by Eq. 7 and, r and v are the orbit position and velocity vectors.
Then, the dynamic equation of motion for a satellite equipped with reaction wheels is [33] :
where h is the momentum of the system, that can be divided into momentum of the rigid body, h sc , and momentum stored in the wheels, h w .
For this problem, external torques, T are made up of gravity gradient and aerodynamic contributions:
Then, substituting in Eq. 9:
where I is the satellite inertia matrix. The configuration and number of reaction wheels is different for each platform, for the general case of n reaction wheels:
where a i is the vector giving the orientation of the spin axis of the wheel i with respect to the satellite body frame. Then, the angular momentum of each individual wheel is:
In the previous equation I w,i is the wheel inertia about the spin axis, and Ω w,i the angular rate of the wheel. Finally, the torque applied to the wheel axis by the motor equals the rate of change of the wheel momentum:ḣ
A. Environmental torques
The geometry of the satellite is shown in Fig. 1 . It is modeled as a central box with two deployed solar arrays. Table 1 presents the main geometric values and inertia. During a perigee passage, the two main external torque contributors are the gravity gradient torque and the aerodynamic torque. The gravity gradient torque results from the non-uniform mass distribution of the satellite.
Its expression in body axes is given by:
The aerodynamic torque results from the friction of the upper atmosphere with the exposed satellite surfaces. At satellite altitudes the atmosphere cannot be modeled as a continuous fluid and Free 
where ρ represents the atmospheric density, V a is the relative velocity magnitude of the vehicle with of aerodynamic torques represents the largest uncertainty to the problem. Therefore, a careful study needs to be performed in order to obtain physically representative values. For instance, the density has to be predicted utilizing a high altitude atmospheric model, examples of which are NRLMESISE00 [34] or JB2008 [35] . Depending on solar and geomagnetic activity, the magnitude of atmospheric density can vary significantly, similarly affecting the magnitude of the aerodynamic torques. However, modern density models, like the ones mentioned, are able to take these variations into account. Relative velocity with respect to the flow is calculated assuming the atmosphere to be co-rotating with the Earth. There exist as well high altitude winds [36] , that modify the direction and magnitude of the relative velocity. However, for this problem, inertial velocity at perigee is large enough (9 -10 km/s) so high altitude winds (10 -200 m/s) can be neglected. Finally, angle with respect to the flow (angle of attack, α, and sideslip, β), and gas-surface interaction.
Several models and modelling techniques are available [37] . The main difficulty and uncertainty is the determination of the gas-surface interaction, which is the same as predicting the mean speed and trajectories of the gas particles after colliding with the surface. The two limiting cases to describe the angular distribution of the reemitted particles are the diffuse reflection, characteristic of contaminated surfaces, and the quasi specular reflection, where the molecules are reemitted in a narrow beam close to the specular angle, characteristic of clean surfaces (Fig. 2) . The other parameter used in many models is the accommodation coefficient, α acc [38] , which is the ratio of the mean kinetic energy the reemitted particles have lost after the collision, to the mean kinetic energy loss in a full accommodated collision. That means if the particles are reemitted with the energy corresponding to the surface temperature, E w :
where E i is the incident kinetic energy and E r is the actual mean kinetic energy of the reemitted particles. Exposed surfaces of satellites in LEO orbits have been discovered to be contaminated with atomic oxygen [39] . This fact results in highly diffuse distribution of remitted particles (97%) together with high accommodation values (0.9). However, for a GTO, this assumption needs to be revised. The higher energy collisions due to the speed at perigee together with the less dwelling time for contamination, decreases the accommodation of the impinging particles. This has been experimentally measured by Moe for a GTO, where using a Sentman model [40] (assuming complete Following these results, we use in this study a complete diffuse Sentman model with α acc = 0.7.
Then, the aerodynamic coefficients can be expressed as:
where s(t) represents the molecular speed ratio, defined as the ratio of thermal speed to bulk velocity, T w is the satellite wall temperature, and δ = (δ 1 , δ 2 ) the positions of the upper and lower solar arrays, they have a large impact on the satellite geometry and hence the resulting aerodynamic torques. The aerodynamic database for α acc = 0.7 is shown in Fig. 3 . The temperature of the satellite surface is assumed to be 300K and the speed ratio s = 7. Finally, it is important to understand the limitations and uncertainties of the aerodynamic model. Fig. 6 shows, for the test GEO satellite of Fig. 1 Below 150 km the collisions between particles start to be important and the accuracy of analytical FMF solutions decreases [41] . The quantification of this effect requires the use of computationally intensive numerical codes, like Direct Simulation Monte Carlo (DSMC) [42] . For the considered altitude, the associated uncertainty is probably lower than the uncertainty due to accommodation coefficient or specular reflection component. The goal is to transfer the satellite from an initial state before the perigee, x(t 0 ), composed of attitude, rate, initial momentum stored in the wheels and solar array position, to a given final state after the perigee, x(t f ) (Fig. 8) , without exceeding the momentum capacity of the reaction wheels (path constraint). In order to simplify and generalize, we assume that the satellite is equipped with three reaction wheels aligned with the body axes. The solar arrays are initially sun-pointed, and should rotate in body axes so to remain sun-pointed at the final attitude. In between these two points the satellite is free to perform an attitude maneuver subjected to given constraints. Different attitude trajectories produce different profiles of wheel momentum. For those ones fulfilling the constraints, we can decide which one is more optimal by defining a certain quantity to be minimized, the cost function. The formulation of this optimal control problem then becomes:
where the state and control spaces are given by:
In Eq. 22, u(t) is the optimal control torque applied around the reaction wheel spin axis, 
and
where u 2 (t) is the vector containing the two rate commands for each of the arrays. The following path constraint needs to be also specified in such cases, where Ω SA is the maximum rate the solar array drive mechanism can deliver.
In this case, the moments of inertia of the solar arrays and the torques necessary to change the rotation rate would need to be included in the equations. However, we will ignore them for simplicity.
Regarding the cost function, multiple choices are possible. For instance, a fairly common choice are those cost functions referring to actuator usage, either by minimizing the peak of momentum magnitude, or by minimizing the integral cost of actuation (torque applied to the wheels). In this paper we choose to minimize the integral cost of accumulated wheel momentum.
Another interesting cost function is the minimization of aerodynamic loads on the solar arrays, which is roughly equivalent to minimising the drag force on the panels.
Other cost functions could be the minimization of depointing from a certain attitude or the minimization of the aerodynamic flux just on the panel containing the solar cells, limiting potential damage.
A. Gauss pseudospectral method
The solution to the previous problem is obtained using "collocation" or "direct approach". These methods discretize and transcribe the continuous-time optimization problem into a non-linear programing problem (NLP) that can be solved with dedicated NLP algorithms. A general minimization NLP problem can be stated as:
subject to:
where the functions f and g 1 to g m are given linear or nonlinear functions. The problem is then, to select the values of the decision variables (x 1 , x 2 , ..., x n ) from a given feasible region defined by g 1 to g m , in order to minimize f , the cost function. To transform the continuous optimal control problem of Eq. 22 into an NLP we use the software GPOPS [29] , a Matlab implementation of a Gauss pseudospectral direct collocation method. Both state and control are approximated by Lagrange interpolating polynomials, and the differential-algebraic equations are collocated at Legendre Gauss points. More information on this method, including its derivation, can be found in [19-21, 43, 44] .
Due to the discretization, the result of the collocation is a large (but sparse) NLP, the solution of which is obtained with the sparse NLP solver provided in the NAG toolbox [30] . Other widely used software packages implementing PS methods for the solution of optimal control problems are DIDO [45] or the freely available tool PSOPT [46] .
IV. Results
The simulated orbit is a standard GTO with an initial perigee of 185 km (Table 2) . Any higher perigee would be in general a less demanding scenario, with lower aerodynamic and gravity gradient torques. The attitude maneuver starts at a true anomaly value of -40 degrees and ends symmetrically at 40 degrees. These values correspond to an altitude of around 900 km, where the aerodynamic torques start to be noticeable. Above this altitude the effects are normally neglected. During the perigee portion of the orbit we assume that the low thrust engine is off, so no other external torques are created and no attitude pointing requirements are needed. This could be either because the engine needs to be off as a consequence of the eclipse, or due to the optimization algorithm, or because it is decided to stop the thrust in order to facilitate the perigee pass. Therefore, the satellite can perform an attitude maneuver with no impact to the orbit. The parameters of the satellite are given in Tables 1 and 3 , corresponding to a test full electric GEO satellite with deployed solar arrays at the beginning of an electric orbit raising. The satellite is equipped with reaction wheels, characterized by a maximum torque and storage capability (Table 3) , the values representing typical reaction wheels for GEO platforms [47] . We assume that those values are equal for all axes.
The satellite starts the perigee passage with an initial attitude close to velocity pointing. After the perigee passage, the spacecraft needs to be ready in firing configuration with again an attitude with the x-body aligned with the velocity vector (in this example). For both initial and final attitudes we assume no roll is needed. Boundary values of the problem are given in Table 4 . The wheels are assumed to have some initial amount of momentum and the final condition is zero for all axes, therefore, all the momentum needs to be dumped in the course of the maneuver. Initial and final values of solar array positions are calculated assuming that the right ascension of the apogee and the sun are the same. In addition, in order to simulate misalignments and real effects, a bias of 0.5 degrees is added to one of the arrays.
For comparison purposes, a simple non-optimized feedback eigen-axis controller is first implemented (Fig. 9) . The result is a pitch inertial rotation. For the chosen reaction wheel properties, the aerodynamic torques exceed the control torque capability, resulting in a transient and uncontrolled attitude loss which is recovered once the density decreases. Therefore, the final pointing requirements at 40 degrees (perigee exit point) are not met. Also, from Fig. 9 -b, the pure pitch maneuver saturates the momentum capability of reaction wheels (40 Nms per axis); in reality, attitude control is lost at that point. The optimization of the maneuver represented in Fig. 9 is shown in Fig. 10 . The satellite performs an optimal 3-axis attitude maneuver that takes advantage of the environmental torques, not only to avoid wheel saturation but to dump all the initial wheel momentum (Fig. 10-b) . The cost function for this problem is the integral of momentum magnitude during the manoeuver (Eq. 27) .
All boundary conditions and constraints are satisfied. Fig. 10-b and Fig. 10-c show the resulting angular rates, and solar array positions, which are commanded at a fixed rate. Commanded wheel torque is presented in Fig. 11 . The density variation during the maneuver together with the aerodynamic angles are shown in Fig. 12 . Momentum in roll is controlled by means of the gravity gradient torque. An initial roll de-pointing is performed with the wheels, resulting in an increasing gravity gradient torque as the satellite approaches the perigee, this torque is used to dump the initial h wx momentum. In a similar way, pitch and yaw momentum are maintained within limits by The result of such a problem has been obtained by discretizing the cost function and the differential-algebraic equations using a mesh of 111 points. In order to facilitate convergence, an initial guess of only a few points is first produced. Then, the mesh is refined using as an initial guess the previously converged solution. Several initial conditions are tested to check that the same solution is obtained. The feasibility of the solution is verified as recommended in [45] , by numerically propagating the initial state together with the solution from GPOPS, u * (t). The optimality of the solution is more difficult to check owing to the nature of the direct optimization methods. Some necessary (but not sufficient) conditions can be verified, as described in [45] . However, for this 
B. Optimal solar array rotation
Previously both solar arrays moved at a predefined fixed rate. However, the solar array positions can also be used to control and modulate aerodynamic torques. This can be achieved by introducing two extra control variables, rate of each solar array, as explained before. The resulting extra freedom allows better performance to be obtained or for more constraints to be introduced. The introduction of two new controls gives the problem a lot of flexibility. Therefore, different constraints or situations can be defined depending on spacecraft needs. For instance, previous cases assume that the electric propulsion thruster is off, consequently, there is no need to follow any predefined attitude path. This freedom in the attitude is used by the optimizer to meet maneuver constraints by means of an attitude maneuver, as highlighted in the fixed array rotation maneuver problem (Fig. 10) . However, by adding these two new controls the aerodynamic torques can be controlled by means of the solar arrays and the attitude maneuver could be avoided. This is useful if a certain attitude profile needs to be followed, for instance, in case the electric propulsion should remain on during the perigee passage.
This situation is presented in Fig 15, where no de-pointing with respect to LVLH is allowed, hence the satellite is at any moment earth pointed. The maneuver is still a pitch rotation, see the angular rate (Fig 15-b) . Clearly, the combination of wheels and solar arrays is enough to perform the maneuver without wheel saturation in this case. The solar arrays are therefore used to minimize accumulated momentum during the maneuver but also to dump all the created momentum.
Following the same idea, we could also try to use angular de-pointing together with the solar arrays to perform the maneuver. In such a case, no reaction wheels would be needed. The result is presented in Fig 16. Since there is no reaction wheel usage by definition, a different cost function is needed. We choose to minimize the aerodynamic flux on the solar arrays instead. Although the realization of the maneuver in such a way may seem unrealistic due to the intrinsic difficulties in the prediction of accurate aerodynamic torques and the fact that the torques created by the solar array rotations on the body have been neglected, it shows that it is possible to maneuver a satellite using just aerodynamic actuators and taking advantage of gravity gradient torques. This fact can be very useful in the case of an actuator failure.
In reality, a feedback control is needed in all cases, and any difference in the predicted momentum would be absorbed by reaction wheels. The actual on-board implementation would follow the same principles as in [22] [23] [24] : the resulting optimal trajectory would be embedded in flight software and
implemented as an open-loop guidance. Then, a closed-loop controller would follow the optimal attitude trajectory. In such a case, the predicted wheel speeds would deviate from reality as a result of non-modeled effects, therefore, appropriate margins are needed. A complete Monte Carlo analysis is required in order to design and validate the closed-loop controller.
V. Conclusions
A method to facilitate the perigee passage of satellites under significant gravity and aerodynamic torques in geostationary transfer orbits (GTO) has been explored. Rather than bounding the magnitude of disturbance torques, a physically consistent modelling allows a more optimal maneuver to be performed while meeting the required constraints. To find the optimal path, a zero propellant maneuver (ZPM) problem for a non-circular orbit has been defined. The motion of solar arrays introduces extra degrees of freedom that can relax attitude hardware requirements or improve the maneuver performance. This attitude maneuver can be used to eliminate the mass penalties and cost associated with a perigee raising maneuver, whether by the satellite or the launch vehicle, or the need for a chemical thruster system. These mass and cost penalties can be significant, of the order of hundreds of kilograms, which could be used for additional payload or to significantly extend the operational life of the satellite. It can also be applied to scenarios where there is degraded attitude performance resulting from hardware failures.
